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Abstract. We present several results on solvability in Sobolev spaces 
Wp of SPDEs in divergence form in the whole space. 



1. Introduction 

The theory of (usual) partial differential equations has two rather differ- 
ent parts depending on whether the equations are written in divergence or 
nondivergence form. Quite often the starting point is the same: equations 
with constant coefficients, and then one uses different techniques to treat 
different types of equations. 

By now, one can say that the Lp-theory of evolutional second order SPDEs 
is quite well developed. The most advanced results of this theory can be 
found in the following papers and references therein: [1] (nondivergence type 
equations), and [3] (divergence type equations). The results of the present 
paper are close to the corresponding results of [2] . However, unlike [2] we do 
not assume that the leading coefficients are continuous in the space variable. 
Instead we assume that the leading coefficients of the "deterministic" part 
of the equation are in VMO which is a much wider class than C. Still the 
leading coefficients of the "stochastic" part are assumed to be continuous 
in X. 

The exposition in [2] and [3] is based on the theory of solvability in spaces 
Hp = (1 — A)^'^^'^Lp of SPDEs with coefficients independent of x. Then the 
method of "freezing" the coefficients is applied as in the general framework 
set out in |6|. This method does not work if the coefficients are only in 
VMO and we use a different technique based on recent results from [8] on 
deterministic parabolic equations with VMO coefficients. In addition, our 
technique allows us to avoid using the VF^-theory of SPDEs, which is a 
starting point in the paper [6\ and subsequent articles based on it. 

One more difference of our approach from the one in [2] is that we rep- 
resent the free term in the deterministic part in the form -Dj/* -t- with 

G Lp (see (jl.ip below). Of course, this is just a general form of a distribu- 
tion from H~^. However, the spaces Hp are most appropriate for equations 
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in nondivergence form. One general inconvenience of these spaces is that 
the space or space-time dilations affect the norms in a way which is hard to 
control. For divergence form equations with low regularity of coefficients the 
most important space is Hp. This space coincides with the Sobolev space 
Wp and the effect of dilations on the norm or on -Dj/* + can be easily 
taken into account. 

The exposition here is self-contained apart from references to some very 
basic results of [8j, and [13] and is much more elementary than in [2], 
employing the derivatives instead of the powers of the Laplacian, and yet 
gives more information. In particular, the author intends to use Corollary 
I5.5l in order to largely simplify the theory in [2] of divergence form SPDEs in 
domains. It turns out that to develop this theory one need not first develop 
the theory of SPDEs in domains with coefficient independent of x, which in 
itself required quite a bit of work. 

The author's interest in divergence type equations and in simplifying the 
theory of them appeared after he realized that the corresponding results 
can be applied to filtering theory of partially observable diffusion processes, 
given by stochastic Ito equations, and proving that, under Lipschitz and 
nondegeneracy conditions only, the filtering density is almost Lipschitz in 
X and almost Holder 1/2 in time. This is proved in [11] on the basis of 
Theorems [22] through [2?6] of the present article. The filtering density satisfies 
an SPDE usually written in terms of the operators adjoint to operators in 
nondivergence form with Lipschitz continuous coefficients. Writing these 
adjoint operators in divergence form makes perfect sense and allows us to 
obtain the above mentioned results (see [11]). 

Our Theorem 12.21 is very close to Theorem 2.12 of [2j. Apart from weaker 
conditions on the coefficients, another important difference is the presence 
of the parameter A in (j2.10p . One of differences in the proofs is that we 
avoid proving the solvability on small consecutive time intervals and then 
gluing together the results. 

Let (ri, P) be a complete probability space with an increasing filtration 
{J^t,t > 0} of complete with respect to (^, -P) cr-fields J^t C T. Denote 
by V the predictable cr-field in x (0, oo) associated with {J^t}- Let w^, 
k = 1,2, be independent one-dimensional Wiener processes with respect 
to {J^t}- 

We fix a stopping time r and for t < r in the Euclidean d-dimensional 
space M'^ of points x = (x^, ...,x'^) we consider the following equation 

dut = {Ltut - Xut + D,n + /O) dt + {K\ut + 5^) dw^ (LI) 

where Ut = Ut{x) = ut[u),x) is an unknown function, 

Ltil^ix) = Dj{a'^{x)Dii:{x) + a{{x)il){x)) + ft^x) AV'(3;) + ct{x)il){x). 
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the summation convention with respect to i,j = l,...,d and k = 1,2,... is 
enforced and detailed assumptions on the coefficients and the free terms will 
be given later. 

One can rewrite (jl.ip in the nondivergence form assuming that the co- 
efficients and are differentiable in x and then one could apply the 
results from [6]. It turns out that the differentiability of a/ and is not 
needed for the corresponding counterparts of the results in [6] to be true 
and showing this and generalizing the corresponding results of is one of 
the main purposes of the present article. 

The author is sincerely grateful to Kyeong-Hun Kim who kindly pointed 
out an error in the first draft of the article. 



2. Main results 

Fix a number 

and denote Lp = Lp{W^). We use the same notation Lp for vector- and 
matrix- valued or else ^2-valued functions such as gt = (g^) in (jl.ip . For 
instance, if u{x) = {u^ (x) , u'^ (x) , ...) is an ^2-valued measurable function on 
W^, then 




Introduce 

A = ^, i = l,...,d, A = Dj + ... + Dl 

By Du we mean the gradient with respect to x of a function u on M"^. 
As usual, 

Wp = {u £ Lp : Du £ Lp}, \\u\\yi^i = \\u\\lp + ||-Dn||Lp. 

Recall that r is a stopping time and introduce 

Lp(r) :=Lpi{0,Tj,V,Lp), Wi(r) := Lp(|0, r], 1^^^). 

We also need the space Wp(T), which is the space of functions ut = ut{uj, •) 
on {{io,t) : < t < T,t < oo} with values in the space of generalized 
functions on M*^ and having the following properties: 

(i) We have uq G Lp{Q,J^o, Lp); 

(ii) We have u € W^(r); 

(iii) There exist /* € Lp(T), i = 0, and g = {g^,g'^,...) € Lp(r) such 
that for any (p € Cq° = Cq°{M.'^) with probability 1 for all t G [0, oo) we have 

oo ,.t 
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+ / h<r{{f^,ip)-{n,D,^))ds. (2.1) 
Jo 

In particular, for any (p S Cq°, the process {ut/\r, (p) is .Ff-adapted and (a.s.) 
continuous. 

The reader can find in [6j a discussion of (ii) and (iii), in particular, the 
fact that the series in (j2.ip converges uniformly in probability on every finite 
subinterval of [0,r]. On the other hand, it is worth saying that the above 
introduced space Wp is not quite the same as ^{^{t) in [6] or in [2]. There 
are three differences. One is that there is an additional restriction on uq in 
[6] and [2|. But in the main part of the article we are going to work with 
>Vp Q(r) which is the subset of Wp(r) consisting of functions with uq = 0. 
Another issue is that in [6] and [2] we have /* = 0, z = 1, d, and 

/°G]H;HT) = Mto,Tl,p,i7-i). 

Actually, this difference is fictitious because one knows that any / E 

(a) has the form Dj/* + with G Lp and 

where is independent of /, f^, and on the other hand, 

(b) for any / G there exist E Lp such that f = Dif^ + and 

d 
j=0 

where N is independent of /. 

The third difference is that instead of (i) the condition D^u G EI~^(r) is 
required in [6] and [2]. However, as it follows from Theorem 3.7 of [.6j and 
the boundedness of the operator D : Lp Hp^, this difference disappears 
if T is a bounded stopping time. 

To summarize, the spaces Wp o(''") introduced above coincide with T^p o(t) 
from p] if r is bounded and we choose a particular representation of the 
deterministic part of the stochastic differential just for convenience. In the 
remainder of the article the spaces Tip q{t) do not appear and none of their 
properties is used. 

In case that property (iii) holds, we write 

dut = {DJl + /O) dt + g'l dwi (2.2) 

for t < T and this explains the sense in which equation (jl.ip is understood. 
Of course, we still need to specify appropriate assumptions on the coefficients 
and the free terms in (jl.ip . 

Assumption 2.1. (i) The coefficients , a\, b\, al^, ct, and are mea- 
surable with respect to P x B{M.'^), where B{M.'^) is the Borel cr-field on M*^. 
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(ii) There is a constant K such that for ah values of indices and arguments 

\a\\ + \b\\ + \ct\ + \v\i^ <K, ct< 0. 

(iii) There is a constant 6 > such that for all values of the arguments 
and 

anv<s-'\c\', {ai^-ainee>m', (2.3) 

where a]-' = {l/2)(a^' , a^')^^. Finally, the constant A > 0. 

It is worth emphasizing that we do not require the matrix (a*-') to be 
symmetric. 

Assumption 12.11 guarantees that equation (jl.ip makes perfect sense if it G 
Wp(T). By the way, adding the term —Xut with constant A > is one more 
technically convenient step. One can always introduce this term, if originally 
it is absent, by considering vt := ute"^^ . 

Let IB denote the set of balls B (ZW^ and let p{B) be the radius of S G B. 
For functions ht{x) on [0, oo) x and G B introduce 

ht{B) = |;^_^^*(^)^^' 

where \B\ is the volume of B. Also let Q denote the set of all cylinders in 
[0,cx)) X R'' of type Q = {s,t) x B, where B G B and t - s = p^{B). For 
such Q set p{Q) = p{B). For p > 0, s < t, a continuous M'^-valued function 
Xr,r G [s,t], and a Q = {s,t) x B G Q, introduce 



osc {h, Q,x.) = 




Osc{h,Q,p)= sup osc{h,Q,x.), osc (/i, Q) = osc (/i, Q, 0), 

\x.\c<p 

where \x.\c is the sup norm of |x.|. 

Observe that osc {h, Q,x.) = if ht{x) is independent of x. 

Denote by Bp the open ball with radius /? > centered at the origin, 
define Qp = (0, p^) x Bp and for t > and x G M'' set Bp{x) = Bp + x, 
Qp(t,x) = Qp + {t,x). 

In the remaining two assumptions we use constants /3 > and Pi > the 
values of which will be specified later. 

Let to > 0, xo G M*^, and constants e > ei > 0. We say that the couple 
{a, a) is (e, ei)-regular at point {tQ,xo) if (for any lo) either 

(i) we have (t"™(xo) = for t G {to, to + el) and all n, m and 

osc(a^^g) </3, Vi,i, (2.4) 

for all Q G Q such that Q C Q£{to,xo), or 

(ii) for all Q G Q such that Q C Q£{to,xo) we have 

Osc{a^^,Q,e) < (3, Vi,j. (2.5) 

Note that {a, a) is (e, ei)-regular at any point {tQ,xo) for any /? > if, for 
instance, o'-' depend only on x and are of class VMO. 
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Assumption 2.2. There exist e > ei > such that (a, a) is (e, ei)-regular 
at any point {to,xo) and 

{al\x)-al'iy))ee>S\^\' 

for ah t, ^, X, and y satisfying |x — y| < e. 

Assumption 2.3. There exists an £2 > such that 

Wnx) - any)U, < /3i (2.6) 

for all i, t, X, and y satisfying |x — y| < £2- 

Needless to say that Assumptions 12 . 2 1 and 12.31 are satisfied with any (3, j3i > 
and slightly reduced 6 if ()2.3p holds and a/ (x) and crl'{x) are uniformly 
continuous in x uniformly with respect to 

Finally, we describe the space of initial data. Recall that for p > 2 
the Slobodetskii space Wp '^^^ = Wp '^^^{W^) of functions uo{x) can be 
introduced as the space of traces on t = of (deterministic) functions u 
such that 

u£ Lp{R+,H^), du/dt (£ Lp{R+,H-^), 

where M+ = (0, 00). For such functions there is a (unique) modification 
denoted again u such that ut is a continuous Lp-valued function on [0, 00) 
so that uq is well defined. Any such ut is called an extension of uq. 
The norm in can be defined as the infimum of 

\H\lAK+,H^) + II^V5i|lLp(M+,H-i) 

over all extensions ut of elements uq . It is also well known that an equivalent 
norm of uq can be introduced as 

Mlmo,i),w^): 

where u = ut is defined as the (unique) solution of the heat equation 
dut{x)/dt = Atti(x) with initial condition uo{x). 
For s > we introduce 

iTsWl=Lp{^,J's,Wl~^/P). 

The following auxiliary result helps understand the role of iVsWp- We use 
spaces 'Wp{[S,T)) and Wp((S', T)), which are introduced in the same way 
as Wp(T) and Wp(T) but the functions are only considered on [S,T) and 
{S,T), respectively. 

Lemma 2.1. Let s > be a fixed number and let Ug be an Tg-measurable 
function with values in the set of distributions over . 

(i) We have Us S tr^Wp if and only if there exists a f G Wp([s, 00)) 
satisfying the equation 

dv/dt = Av-v, t>s, (2.7) 
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(which is a particular case of (jl.ip and is understood in the same sense) 
with initial data Ug- This v is unique and satisfies 



((s,oo)) < ^IKslltr.Wi) ll'"s||tr,Wl < ^lkllwi((s,oo))) (2- 



where the constants N are independent of s, Ug, and v. 

(a) We have Us G tr^Wp if and only if there exists a v ^ Wp{[s,s + 1)) 
such that Vs = Ug. 

(Hi) If such a v exists and dvt = {Difl + ft) dt + dw^, t > s, then 

d 

Ihslltr.Wi < ^(lbllwi((s,s+l)) + II/-' IILp({s,s+1)) + \\9\kp{{s,s+l))) , (2-9) 

j=0 

where the constant N is independent of s, Ug and v. 

(iv) If s > and we have a u £ Wp{s), then Ug G tr^Wp and 

d 

\\Us\\tVsW^ < ^^(Ikllwi(^) + ^\\f\kp{s) + I|5|ILp(^))> 

j=0 

where N is independent of u, and f^ and are taken from (j2.2p . 
We prove this lemma in Section [5j 

Here are our main results concerning (jl.ip . The following theorem is very 
close to Theorem 2.12 of [2]. Important differences are the presence of the 
parameter A in (|2.1Up and weaker assumptions on the coefficients of the 
deterministic part of the equation. 

Theorem 2.2. Let the above assumptions be satisfied with (3 = l3{d,p,5) = 
/3o/3, where Po is the constant from Lemma [5A\ and (3i = Pi{d,p,5,e) > 
taken from the proof of Lemma [57B . Let A > 0, let f^,g € ILp(r), and let 
uo G troWjJ. 

(i) Then equation (11. ip fort < t AT has a unique solution u G yVp{T AT) 
with initial data uq and any T G (0,oo). Moreover, if 

A > Xo{d,p,6,K,e,ei,e2) > 1, 

then equation (II. ip for t < t has a unique solution u G Wp(T) with initial 
data Uq. 

(a) Furthermore, if a v G Wp{oo) is defined by equation (|2.7p with initial 
condition uq, then the above solution u satisfies 

>'^^'^\\u\\hpiT) + ll-DnllLp(^) 

d 

< N{Y,\\fKir) + WaKir) + II^^^IIl^m) 

1=1 

+ NX-^VKir) + iVAi/2||H|L,H, (2.10) 
provided that A > Aq, where the constants N,\q > 1 depend only on d, p, 5, 
K, e, £i, and e^- 
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(in) Finally, there exists a set 17' C of full probability such that ut/\Tln' 
is a continuous J-t-adapted Lp-valued functions of t £ [0,oo). 

Observe that estimate (|2.10p shows one of good reasons for writing the 
free term in (jl.ip in the form Dif^ + f^, because i = 1, ...,d, and f^ enter 
(I2J0I1 differently. 

Remark 2.3. As it fohows from our proofs, if p = 2, Assumptions [2?2] and 
12.31 are not needed for Theorem 12.21 to be true and mentioning e, ei, and £2 
can be dropped in the statement. Thus we provide a new way to prove the 
classical result on Hilbert space solvability of SPDEs (cf., for instance, [15]). 

We prove Theorem 12.21 in Section [6] after we prepare necessary tools in 
Sections [3]1S1 In Section [3] we prove uniqueness part of Theorem 12.21 on the 
basis of Ito's formula from pL3j. Here Assumptions 12.21 and 12.31 are not used. 
In Section [4] we treat the case of the heat equation with random right-hand 
side and present a simplified version of the corresponding result from [6]. In 
Section [5] we prove an auxiliary existence theorem and derive some a priori 
estimates. 

Here is a result about continuous dependence of solutions on the data. 

Theorem 2.4. Assume that for each n = 1,2,... we are given functions 
a^j, a^j, Cnt, <7nt, i^ntJ fit' 9nt> '^^^ ^"0 having the same meaning as the 
original ones and satisfying the same assumptions as those imposed on the 
original ones in Theorem \2.2\ (with the same 5, K, P, ...). Assume that for 
i,j = l,...,d and almost all {uj,t,x) we have 

y'^nti ^nti ^nti ^nt) (Oj jOtjOtjCij) 
Wnt - '^t\i2 + Writ - l^t\e2 0> 

as n ^ OO. Also assume that 

d 

^{\\Pn - /^llLp(r) + Ibn " 5llLp(r) + II ^nO " ^^0 lltroWi ^ 

i=o 

as n ^ oo. Take A > Aq, take the function u from Theorem \2.2\ and let 
Un G VVp(r) be the unique solutions of equations (II. Ih for t < t constructed 

from a^(, a^^, 6^^, Cnt, cr^nt! ^nt> fit' '^^^ 9nt "-''^d having initial values Uno- 
Then, as n ^ oo, we have ||^*n— 'u||wi(t) ~^ and for any finite T € [0, oo) 

E sup Wunt-utW'l ^0. (2-11) 

t<TAT ^ 

Proof. Set Vnt = i^nt — ut- Then 

dVnt = (LntVnt - \Vnt + Dif^t + dt + {A^tVut + 5nt) dw^ , 

where Lnt and A.^^ are the operators constructed from a^j, a*„j, 6^^, Cnt and 
<i ^nu respectively, and 

fnt = fL-fi + i<t- a^)D,ut + {al,t - al)ut, 
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fnt = fnt - ft + (Kt - b\)D,Ut + {Cnt " Ct)uu 
9nt = 9nt - 9t + i'^nt " ) A^^i + (l^nt " ^t^t- 

By Theorem 12.21 we know that u € Wp(T). This along with our assump- 
tions and the dominated convergence theorem imphes that 

d 

ll/nllLp(T) + ll^nllLp(T) ^ 

i=0 

as n — > oo. After that by applying (j2.10p to Vnt we immediately see that 

\\Un - ^t||wi(T) 0. 

Assertion (I2.1ip is, actually, a simple corollary of the above. Indeed, by 
introducing fn and in an obvious way, we can write 

dVnt = {D^fnt + fnt) dt + tnt (2-12) 

and 

d 

X] ll/nllLp(T) + ll5n||Lj,(r) ^ 0. 

i=i 

It is standard (see, for instance, our Theorem 13. ip to derive from here the 
estimate 

d 

E sup \\Unt-Ut\\K < A^(y' ||/i^||L„(rAT) + ll5n||L„(rAT) +£^lknO -^^OIIL), 
t<rAT ^ 

where A*" is independent of n. It is also well known that Wp "^^^ C Lp, that 
is 

IknO - UqWlp < N\\UnQ - Uo\\^i-2/p. 

By combining all this together we obtain p. lip and the theorem is proved. 

The following result could be proved on the basis of Theorem 12.41 in the 
same way as Corollary 5.11 of [6j, where the solutions are approximated by 
solutions of equations with smooth coefficients and then a stopping time 
techniques was used. We give here a shorter proof based on a different idea. 

Theorem 2.5. Let pi,p2 € [2, oo), pi < p2, and let the above assumptions 
be satisfied with (5 < P{d,p,5) for all p € [pi,P2] and Pi < Pi{d,p,6,e) 
for all p € [pi,P2]- Let A > 0, and suppose that for p G [pi,P2] w& have 
f^,g e Lp(r), and uq G troWp. 

Then the solutions corresponding to p = pi and p = P2 coincide, that is, 
there is a unique solution u G Wp^ (r) n W^^ (t) of equation (II. ip with initial 
data uq. 

Proof. Obviously, it suffices to concentrate on bounded r. As is explained 
above in that case we may assume that A is as large as we like. We take it so 
large that one could use assertion (ii) of Theorem 12.21 with any p G [pi,P2]- 

Denote by u the solution corresponding to p = p2 and observe that, owing 
to uniqueness of solutions in W^^ (r) , we need only show that u G Wp^ (r) . 



10 N.V. KRYLOV 

Take a C £ such that C(0) = 1, set Cn{x) = ({x/n), and notice that 
:= uCn satisfies 

d< = (^iO - A< + D,fi, + /oj dt + {A^n^ + 5^,) du;^ 

where 

fL = fkn-uai'D,Cn, i>l, 

fnt = ftCn - flDiCn " {a^ D,Ut + a{u)D^Cn " 6>tACn, 

It fohows that for pi < p < P2 we have 

||?i"||wl(T) <N{^ ll/nl|Lp(T) + IbnIlLpM + l^oCn || troWi ) • (2-13) 
i=0 

One knows that with constants independent of n 

ll^oCnlltroWl < ^(ll^oCnlltroWl^ + ll^oCnlltroWlj) < ^ ( II^^O II troW^^ + II ^0 1| tro ) 

Similarly, and by Holder's inequality 

||/;||L,(r) < iV + iV||^^^Cn||L,(r) < iV+ lkllL,,(r)II^Cn||L,(r), 

where 

PP2 

q = • 

P2-P 

Similar estimates are available for other terms in the right-hand side of 
(iron . Since 

as n — > oo if 

111 , , 
< -, 2.14 

p P2 d 

estimate (|2.13p implies that u G Wp(r). 

Thus knowing that u € W^^ (t) allowed us to conclude that u G VV^ (r) as 
long as p £ [PI1P2] and (j2.14p holds. We can now replace p2 with a smaller 
p and keep going in the same way each time increasing 1/p by the same 
amount until p reaches pi. Then we get that u £ Wp^(r). The theorem is 
proved. 

In many situation the following maximum principle is useful. 

Theorem 2.6. Let the above assumptions be satisfied with [5 < (3{d, q, 6) 
for all q G [2,p] and (3i < I3i{d,q,6,e) for all q G [2,p]. Let A > and 
f^ G Lp(r), Mo £ troWp, /* = 0, i = 1, d, g = be such that uq > and 
f^ > 0. Then for the solution u almost surely we have ut > for all finite 
t < T. 

Proof. If p = 2 the result is proved in [9j. For general p > 2 take the 
same function (n as in the preceding proof, introduce /™ = /*Cn, 9n — 0) 
and call the solution of (II. ip with so modified free terms and the initial 
data MoCn- By Theorem [231 we have G VV^(r) n >V2(r). By the above, 
ti" > and it only remains to use Theorem 12. 4[ The theorem is proved. 



SPDES WITH VMO COEFFICIENTS 



11 



3. Ito's formula and uniqueness 
The following two "standard" results are taken from [13j . 

Theorem 3.1. Let u G W^{t), P € Lp(r), g = {g^) G Lp(r) and assume 
that (j2.2p holds for t < t in the sense of generalized functions. Then there 
is a set C 0, of full probability such that 

(i) utAT^fi' is a continuous Lp-valued Tt-adapted function on [0, oo); 

(ii) for all t G [0, oo) and a; G fi' Ito's formula holds: 

p ptAr p 

lutArl^ dx = I \uq\^ dx + p I I \us\^~'^Usg'^ dx dWg 
rtAT 



JR'i 

I in_9 -I 

Ut 



ptAT p 

+ (/ [p\ntr\tfj^-p{p-l)\utr^fiD, 

Jo JR'i 

+ {l/2)p{p - l)\utr^\gt\l] dx) dt. (3.1) 
Furthermore, for any T G [0, oo) 

E sup \\u,\\l^<2E\\u,\\l^ + NT^-^\\fY^^^r) 
+ A^T(^-2)/2(X; lir II^^M + + \\Du\\l^^^), (3.2) 

i=l 

where N = N{d,p). 

Here is an "energy" estimate. 

Corollary 3.2. Under the conditions of Theorem \3.1\ assume that t < oo 
(a.s.). Then 

E I \uqY' dx 



+E r { [ [p\utr\tf?-p{p-i)\utr'fiD,ut 

Jo Jr'^ 

+ {l/2)p{p-l)\utr'^\gt\l]dx)dt>EIr<oc[ \ur\Pdx. (3.3) 

Jr'^ 

Furthermore, if r is bounded then there is an equality instead of inequality 
in (I33D. 



The next result implies, in particular, uniqueness in Theorem 

Lemma 3.3. Under Assumption \2.1\ there exist Aq > and N depending 
only on d,p,K, and 6 such that, for any strictly positive A > Aq and any 
solution u G Wpo(''") of p.l|) for t < t, we have 

d 

A||n||L,(.) < iVAV2(^ + +iV||/°llL,M. (3.4) 

i=i 

Furthermore, if = b^ = u'^ = 0, then one can take Aq = 0. 
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Proof. We may assume that G Lp(t), g = (g^) E ILp(r), since otherwise 
the right-hand side of ()3.4[) is infinite. 

If ()3.4p is true for r A T in place of r and any T E (0, oo), then it is 
obviously also true as is. Therefore, we may assume that r is finite. An 
advantage of this assumption is that we can use Corollary 13.21 Write p.3p 
with fl, /j*, and gi in place of fl, f^, and g^, respectively, where 

fi = a;l'DjUt + aiut + fi, 

/° = biDiUt + {ct - \)ut + fl g\ = <yfDiUt + v^ut + gl 
Then observe that inequalities like (a + 6)^ < (1 + £)a^ + (1 + e^"^)}}^ show 
that for any e G (0, 1] we have 

d 

\gt\i < {l+e)\Y,4'D^ut\l^ + 2e~^\utUt + gt\l 
1=1 

< 2(1 + e)al\D,ut)DjUt + Ne-\\ut\^ + \gt\l). 
Owing to ()2.3p . for e = e{5) > small enough 

It := {l/2)\utr'\gt\l - lutr'fiD.ut + (p - 1)- r^'^t&lAnt 

d 

< -{S/2)\utr''\Dut\^ + N\utr\\ut\' + \gt\l + \Dut\ \ut\ + \Dut\ l/t !)• 

i=l 

(3.5) 

Next we use that for any 7 > 

\utr'\Dut\ = (l^xtl^^'-^V^Ii^ntDI^XilP/^ <7|^xtr2|Z)nt|2+7->i|P, 

|txir2|z)ni||/,^| <7|ntr2|Z)nt|2 + 7-i|^XirV/l', 
and by choosing 7 appropriately find from (j3.5p that 

d 

It < N\ntr + N\utr'{J2 \ft\' + \9t\l) ■ (3.6) 

1=1 

After that Holder's inequality and ()3.3p . where the right-hand side is 
nonnegative, immediately lead to 

i=l 

Furthermore, simple inspection of the above argument shows that, if a* = 
= = 0, then the terms with |ntp and \ut \ \Dut\ in (j3.5p and the term 
with \ut\^ in (j3.6p disappear, so that we can take A'^i = in this case (recall 
that c < 0). Generally, for A > 2Ni we have A - iVi > (1/2)A and 

UP < NUP'^& + NIJP-^F, 

where 

u = a||u||l,(.), g = x'/^m^^r) + I|5||l,m), = 
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It follows that U < N{G + F), which is (13. 4p and the lemma is proved. 



4. Case of the heat equation 

To move further we need the following analytic fact established in [3] (see 
also [7J for a complete proof). 

Lemma 4.1. Denote by Tf the heat semigroup in M"^ and let p > 2, — oo < 

a < b < oo, g £ Lp{{a,b) x M'^,^2)- Then 

I [ \DTt^,g,{x)\lds]dtdx<N{d,p) / \gt{x)\l dtdx. 

a J a JRd J a 

In this section we deal with the following model equation 

dut = Aut dt + g^ dw^. (4.1) 

Lemma 4.2. Assume that t < T, where the constant T E [0, oo). Then 
for any g = {g^ ,g^, ...) G Lp(t) there exists a unique u € Wp q(t) satisfying 
(|4.1|) for t < T. Furthermore, for this solution we have 

EsupWutlfr < Nid,p)T(^-'y%\\l,., (4.2) 



t<T 



pn||L,(,) < iV(d,p)||<7||L,(r)- (4.3) 

Proof. By replacing the unknown function ut with fje^* we see that vt 
satisfies 

dvt = {Avt - Xv) dt + e'^^gt dw^. 

Since r is bounded the inclusions u S o(''") and v € o(''") a-i^e equivalent 
and our assertion about uniqueness follows from Lemma 13.31 

In the proof of existence we borrow part of the proof of Lemma 4.1 of 
[6]. As we have pointed out in the Introduction, the beginning of the the- 
ory of divergence and nondivergence type equations is the same. The only 
difference with that proof is that here we take / = 0. 

We take an integer m > 1, some bounded stopping times tq < ti < ... < 
Tm I^T and some (nonrandom) functions g^^ G Cg", i,j = 1, m. Then we 
define 



5,'=(x)=E5^'(^)^(r,_„r.](t), 



i=l 

rt 



vt{x) = E / aU^) dw', = E 5^'(^)Ka.. - <r^,J, t > 0. 

A:=l'^° i,k=l 

Obviously, for any uj, the function vt{x) is continuous and bounded in {t,x) 
along with any derivative in x. Furthermore, the function and its derivative 
in X are Holder 1/3 continuous in t uniformly with respect to x (for almost 
any lo). Also vt{x) has compact support in x. 
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These properties of vt{x) imply that for any u; there exists a unique clas- 
sical solution of the heat equation 

d _ 

—Ut = Aut + Avt, t > 0, 
ot 



with zero initial data. Furthermore 

ut[x'' 



)= / Tt-sAvs{x)ds. (4.4) 
Jo 

This formula shows, in particular, that ut{x) is .T^t-adapted. Adding the fact 
that Ut is continuous in t proves that utix) is predictable. The same holds 
for 

{ut,(l))= / {Tt-sAvs,(f))ds 
Jo 

with any (j) £ C^. The following corollary of Minkowski's inequality 

Wuth, < I WAvsU^ds (4.5) 



shows that ut is Lp-valued. Since {ut,4>) is predictable for any cj) G C^, ut 
is weakly and hence strongly predictable as an Lp-valued process. 

One can differentiate ()4.4p with respect to x as many times as one wants 
and get similar statements about the derivatives of ut- In particular, (j4.5p 
implies that for any multi-index a 

e[ [ \D'^ut?dxdt<TPE ! [ \D''Avt\P dxdt <oo, 



JO JR'^ JO JM" 

SO that Ut G W^oiT). 

Now, it is easily seen that 

ut{x) := Utix) + vtix) 

satisfies (|4.ip pointwisely and by the above ut £ Wpg(T). The (deter- 
ministic) Fubini's theorem also shows that ut satisfies (j4.ip in the sense of 
distributions. 

Next, we use the same simple transformation as in the proof of Lemma 
4.1 of [6] and conclude that for any t and x almost surely 

ft 



Dut{x) = / Tt-sDgl 



p/2 



{x) dw 

Hence by Burkholder-Davis-Gundy inequality 

E\Dut{x)\P <NE[ [ \Tt-sDg,{x)\\ ds] 
Jo 

which along with Lemma [4.11 proves (14. Sh for our particular g. Theorem 13. II 
shows that (142]) follows from (fOI) and ([4T]) . 

The rest is trivial since the set of g^s like the one above is dense in Lp(T) 
by Theorem 3.10 of [6]. The lemma is proved. 
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Next we introduce the parameter A into (14. ip . 

Lemma 4.3. Assume that t <T, where the constant T € [0, oo). Let A > 0. 
Then for any g = {g^^g^,...) G Lp(r) there exists a unique u G ^pfii^) 
satisfying 

dut = {Aut - Xut) dt + g^ dwt. (4.6) 
for t < T. Furthermore, for this solution we have 

>^'^>\tir)<mP)\\9\\l^ry (4-7) 

||I)n||L,(,) <iV(d,p)||<7||L,(r). (4.8) 

Proof. Uniqueness and estimate (j4.7p follow from Lemma l3.3i The exis- 
tence immediately follows from Lemma [4.2l and the result of transformation 
described in the beginning of its proof. To establish (j4.8p consider the heat 
equation 

d 

—vt = Avt - \ut. (4.9) 

Since u G Lp(T), for almost any uj we have u G Lp[{{), r) x W^) and by by a 
classical result (see, for instance, [12j) for almost any oo equation (|4.9p with 
zero initial data has a unique solution in the class of functions such that along 
with derivatives in x up to the second order they belong to ip((0, r) x M'^). 
Furthermore, 

+ ^'ll^lll((o,.)xM^) < ^II^^IIl,((o..)xR^)- (4-10) 

The solution vt can be given by an integral formula, which implies that vt 
is .Fj-adapted. It is also continuous as an Lp-valued process, hence, is a 
predictable Lp-valued process. Taking expectations of both parts of ()4.10p 
shows that v G Wp(T). 
Now observe that 



d{ut - Vt) = A{ut - Vt) dt + g^ dw^, 
which by Lemma 14.21 implies that 

ll^(^--)llLM<^llfflll(r)- 

Upon combining this with (j4.10p we obtain 

ll^-llLM<^(ll5ll[,M + A^/^||n||[^(^)), 
which along with (14. 7p yields (|4.8p . The lemma is proved. 
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5. A PRIORI ESTIMATES IN THE GENERAL CASE 

First we deal with the case when a = v = 0. 

Lemma 5.1. Suppose that a^^ = = 0. Also suppose that Assumptions 
\2.1\ and \2.S\ are satisfied with (3 < /So, where the way to estimate the constant 
Po{d,p,5) > is described in the proof. Let £ ILp(t) and g G Lp(r). 

Then there exist constants Aq > 1 and N, depending only on d,p,5,K, 
and £, such that for any A > Aq there exists a unique u € Wp o(''") satisfying 
(|l.ip for t < T. Furthermore, this solution satisfies the estimate 

d 

A'/'||^IIl,M + ll^n||L,(.) < iV( E WnKir) + UKir)) +iVA-l/2||/0||L^(,). 

i=l 

(5.1) 

Proof. Uniqueness and part of estimate (jS.ip follow from Lemma 13.31 
In the rest of the proof we may assume that r is bounded and split our 
argument into two parts. 

Case g^ = 0. First assume that the coefficients and f^ are nonrandom. 
We extend the coefficients of L following the example al'' (x) = 5^^ , t < 0, 
and extend // beyond (0,r) arbitrary only requiring f^ € Lp{W^^^). 

Then by Theorem 4.5 and Remark 2.4 of [8] the equation 

= Ltut - Xut + Difi + ff (5.2) 

m M'^+i has a unique solution with finite norms 

lhllLp(Rd+i) and \\Du\\L^(^d+i) 
provided that A > Aq- By Theorem 4.4 of [8j 

d 

^^^'^\\u\\Lp{R'i+i) + ||^'u||Lp(Rd+i) < ||/'||Lp(]Rd+i) + A~-^/^||/°||2,p(Rd+i)). 

i=l 

(5.3) 

By Theorem 13.11 the function Ut is a continuous Lp-valued function. 

The proof of Theorem 4.4 of [8] is achieved on the basis of the a priori 
estimate (|5.3|) and the method of continuity by considering the family of 
equations 

= {9Lt + (1 - e)A)ut - Xut + DJl + ff, (5.4) 

where the parameter 9 changes in [0, 1] . We remind briefly the method of 
continuity because we want to show that certain properties of equation (j5.4p 
which we know for 6 = propagate from 9 = to 9 = 1. 

We fix a 6*0 € [0, 1] and to solve (|5.4p for given f^ define a sequence of 
It" € Lp(]R, Wp) by solving the equation 

= i9oLt + (1 - 9o)A)u^+' - A<+i 
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+ A/; + A° + (^-0o)(^t- AK, n>l, nO = 0. (5.5) 

If we know that equation (j5.4p is uniquely solvable with in place of 9 for 
arbitrary f € Lp{W^+^), then the sequence is well defined. Furthermore, 
estimate (15. 3p easily shows that for 9 sufficiently close to the Lp(W,Wp) 
norm of n""*"^ — n" goes to zero geometrically as n — > oo. In this way passing 
to the limit in (jS.Sp we obtain the solution of (j5.4p for 9 close to ^o- Then 
we can repeat the procedure and starting from 9 = and moving step by 
step eventually reach 9 = 1. 

For 9 = we are dealing with solvability of the heat equation which is 
proved by giving the solution explicitly by means of the heat semigroup. 
This representation formula has two important implications: 

(i) For any constant T € M, changing for t > T does not affect ut for 
t < T; 

(ii) If are Lp(M'^"^^)-valued measurable functions of a parameter, say 
uj from a measurable space, say {^1,J^t), then the solution u G Lp(M, W^), 
which now depends on to is also .Fr-measurable. 

Property (i) is obtained by inspecting the representation formula. Prop- 
erty (ii) is true because the mapping Lp(M'^+^) 3 u £ Lp(M.,Wp) is 
continuous and hence Borel measurable. 

Obviously, both properties propagate from = to ^ = 1 by the above 
method of continuity. In particular, solutions of (|5.2p on the time interval 
(— cxD,T] depend only on the values of for t S ( — oo,T]. It follows that 
with the same A and A^, for any T € M, 

A^^^lln||Lp((_oo,T),Lp) + ll-Cn||ip((_oo,T),Lp) 
d 

< NiY^ ||/i|L,((-oo,T),L,) + \-'^'\\f\\LM-oo,nL,)- (5-6) 
i=l 

From now on we allow the coefficients and to be random, continue 
as zero for t < and solve (|5.2p for each uj. By (j5.6p with T = we have 
that = for t < and it makes sense considering equation (|5.2p on (0, T) 
for each T € (0, oo) with zero initial condition. In such situation properties 
(i) and (ii) still hold. 

In particular, if are measurable Lp((0, T), Lp)-valued functions of a 
parameter, say uj from a measurable space, say (ri,^^), then the solution 
u E Lp{{0,T),Wp) is also .Fr-measurable. Then from the equation itself it 
follows that {ut, (p) is ^T-nieasurable for any cj) G C^. Since ut takes values 
in Lp, it is an Lp-valued ^r-measurable function. 

If fl are predictable Lp-valued function, the above conclusions are valid 
for any T € [0, oo). In particular, Uf is .Fj-adapted as an Lp-valued function 
and since it is continuous, ut is a predictable Lp-valued function. 

These properties and the fact that (j5.6p holds for any T G (0, oo) and w 
prove the lemma in the particular case under consideration. 
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General case. By Lemma [4.31 there is a unique solution v € VVp gC''") of 
([46]) . Observe that 

{Lt - A)vt = DJi + fl 
where fl are function of class Lp(r) defined by 

= h\DiVt + cm. 
By the above there is a unique solution u G Wp g(r) of 

-Ut = LtUt - Xut + (Lt - A)vt + Difi + ft- 

Obviously, vt + ut \s a, solution of class Wp o(''") of equation (jl.ip . By the 
particular case 

d 

Ai/2||n||L,(.) + < iV(5](||r||L,M + llfllL^M)) 

j=i 

+iVA-'/'(ll/°llL,M + ll/°llM.)) 
and to obtain (|5.1|) it only remains to use the estimates of vt provided by 
Lemma 14.31 The lemma is proved. 
Now we allow a 7^ 0. 

Lemma 5.2. (i) Suppose that Assumptions \2. i] is satisfied with K = and 
take £ > £1 > 0, 62 e (0,e/4], to > 0, and xq G M'^. 

(a) Let P G Lp(r), G ILp(r), and u G Wp o(r) be such that (II. ip holds 
for t < T. Assume that ut{x) = if 

{t,x) 0r := (to,to + e?) X Be^{xo). 

(Hi) Assume that the couple {a, a) is {£,£1) -regular at {tQ,XQ) with (5 = 
/3o/3 in (j2.4p and (j2.5p . where /3o *s i^e constant from Lemma \ 5.1\ Also 
assume that 

\anx) - ar(xo)|,, < (af (y) - af (xo))^^'^'^ > <5|eP 

for all values of indices and arguments such that {t, x) G L and (t, y) G 
(5e(to,a^o); where (3i = (3i{d,S,p,£) > is a constant an estimate from below 
for which can be obtained from the proof. 

Then there exist constants Xq > 1 and N, depending only on d, p, 5, and 
£, such that estimate (jS.ip holds provided that A > Aq- 

Proof. Without loss of generality we may and will assume that xq = 0. 
Also we modify, if necessary, a and a in such a way that crt^{x) = if 
t ^ {to, to + £?), and a^ {x) = d^^6'^^ if t ^ {to, to + £?)• Obviously, under 
this modification assumption (iii) is preserved and equation (jl.ip remains 
unaffected due to assumption (ii). The rest of the proof we split into two 
cases. 
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Case (T'f{x) = o"^^(0) for \x\ < 62 and t > 0. We want to apply Lemma 
15.11 and for that, even if o" = 0, we need a*-' to satisfy at least the condition 
osc {d^^,Q) < (3 for all Q Q with p{Q) < e. To achieve this we modify 
al-'{x) for |x| > e/4 using the fact that such modifications have no effect on 
(jl.ip since ut{x) = for |x| > £2 and £2 < e/4. 

Take a ^ G C^(M'^) with support lying in the ball of radius s/2 centered 
at the origin and such that ^(x) = 1 for \x\ < e/4 and < < 1. Set 

We can use a in place of a in (II. It follows by Lemma 4.7 of [B] (Ito- 
Wentzell formula) that the function vt{x) := ut{x + xt) satisfies the equation 

dvt{x) = (LMx) - Xvt + DJi + /O) dt + g^x + xt) dw^, (5.7) 

where 

Lt(p = Dj{d\^ Di4>), d\^{x) = dl\x + Xt) - aWO), 
flix) := fl{x + Xt) - (0)ff*^(x + xt), z = 1, d, 
f?{x) := /0(x + Xt), i{x) = gHx + xt), 
and the process xt = {xj, ■■■,xf) is defined by 

xl = - faf{0)dw>:. 
Jo 

This fact shows that the assertion of the present lemma is a direct conse- 
quence of Lemma 15.11 in case the latter is applicable to (|5.7p . 

As is easy to see we will be able to apply Lemma 15.11 to (|5.7p if we can 
find e' = e'{d, 5, e,p) > such that 

^^*(|a;^-at|^)|)(B)dr</3o, (5.8) 

whenever {s,t) x B £ Q and p{B) < e' . 

Denote by N, with or without subscripts, various (large) constants de- 
pending only on d, 6, and e and observe that |Z)^| < N. It follows easily 
that for B £M we have 

iK' -K\B)\)iB) < - iU')(B+Xr)\)iB+Xr) + S~^^''i\^-^iB+Xr)\)(B+Xr) 

< (IK'' - (e4^')(B+.,)|)(B+x.) + N,p =: Ir + Nip, (5.9) 

where and below p = p{B). 

Let z be the center of B and set 

Uj. = [z + Xr){p + £/2)\z + Xr\~'^ 

if|2:-|-Xr.| > p + e/2 and yr = z + Xr otherwise. Observe that yr is continuous 
in r and 

\yr\< p + e/2. (5.10) 

Next we claim that 

Ir < 2(|a;^- - <^B,+,.)I)(^.+^^) + (5-11) 
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If (IS.lip is true, then by combining it with ()5.9p and using (jS.lOp we find 
that the left-hand side of (|5.8p is less than 

{Ni+N2)p + 2 sup osc{a'^,Qp + {0,y),0) 

\y\<p+s/2 

if (t"™'(0) = for all t, n, m or, in general, less than 

iNi + N2)p + 20sc ia'^,Qp, p + e/2), 

where Qp = {s,t) x Bp. Now ()2.4p and (|2.5p imply that ()5.8p is satisfied for 
p < e' if we choose e' > so that 

(iVi + N2)e' < /?o/3, e' < e/4. 

Therefore, it only remains to prove the claim. Obviously, \z + Xr\ > 
p + e/2, then U = and KU\\ holds. 
In case Iz + x^l < p + e/2 the estimates 

{\hr - hr(B')\){B') < j^, j^, ^^'•^y'> ~ K{z)\dydz < 2{\hr - K(B')\){B'), 

mai?iy) - c(z)4^-(z)i < ay)Kiy) - + mciv) - 

show that 

Ir<2{\al? -al\^^^J)^B+.r) + Np, 

which is equivalent to (jS.lip . This proves the lemma in the particular case 
under consideration. 

General case. We rewrite the term A^ut + Qt in (|l.ip as al^{0)£,DiUt + gt 
with = g\ + {af - af(S^))D,ut and use the above result to conclude that 
estimate (15. ip holds with N = Ni = Ni{d,p, 5, e) if we add to its right-hand 
side 

N2{d,p,6,e)Pi\\Du\\j^^(^^y 

By choosing Pi = Pi{d,p, 6, e) so that N2P1 < 1/2, we get (j5T]) with 2Ni in 
place of Ni. The lemma is proved. 

Remark 5.3. If Assumptions 12.11 is satisfied with K = and aj-' and al^ 
depend only on uj and t, then the assertion of Lemma 15.21 is true with 
Ao = and = N{d,p, 6) and without requiring u to have compact support. 
This fact can be obtained by following the arguments in Section 4.3 of [6j. 
Even though those arguments are much longer, they allow one to prove a 
very general result saying roughly speaking that "whatever estimate can be 
established for solutions of the heat equation in Banach function spaces with 
norms that are invariant under time dependent shifting of the x coordinate, 
the same estimate with the same constant also holds for solutions of the 
parabolic equations with no lower order terms and with the matrix of the 
second order coefficients depending only on t and dominating (in the matrix 
sense) the unit matrix" (see [5]). 



SPDES WITH VMO COEFFICIENTS 



21 



Next step is to consider equations with lower order terms. The following 
lemma and its corollary are stated in a slightly more general form than it is 
needed in the present article. The point is that we intend to use them in a 
subsequent article about equations in half spaces. 

Lemma 5.4. Let G C M."^ be a domain (perhaps, G = M.'^) and take e > 
£1 > and 82 G (0,e/4]. 

(i) Let f^,g £ Lp(T) and let u G VVpQ(r) satisfy (jl.ip for t < t and be 
such that ut{x) = if x ^ G. 

(ii) Suppose that Assumptions \2. i] is satisfied. 

(Hi) Suppose that assumption (Hi) of Lemma \5.SM s satisfied for any to > 
and xq such that dist (xq, G) < £2- 

Then there exist constants N, Xq > 0, depending only on d, p, K, 5, e, 
£1, and £2, such that estimate (j5.ip holds true whenever A > Aq. 

Proof. As usual we will use partitions of unity. Take a nonnegative 
^ € Cq^{Bi;^) with unit Lp-norm and take a nonnegative rj G Co°((0,£f)) 
with unit Lp-norm. For s G M and y G introduce 

at,x)=i{x)r^{t), Cy{t,x) = C{t-s,x-y), u^^^x) = Cnt,x)ut{x) 

so that, in particular, 

\ut{x)\P= [ \ul'y{x)\Pdyds. (5.12) 
Observe that for each s, y 

dui^y = {afD^ui^y + gl'y^'') dwi 

+ {D,{a^^D,ui^y) - xut'y + Djt^y'^ + ft^y^') dt (5.13) 

for t < T, where we dropped the argument x (and uj) and 

fs,y,j ^ ^ _ a^u,D,Cy, J = 1, d, 

and (^'y{t,x) = ^(x — y)rj'{t — s). 

As is easy to see u^'^(t, x) = Ofor(i,x) ^ {s+.,Sj^+ei)'xB^^{y). Therefore, 
by Lemma 15.21 if dist (y, G) < £2, then 

< iV(E Wr^^'Xir) + \\9'''\\l,ir)) + ^^~'''\\f''^X,ir) (5-14) 

provided that A > Aq, where and Aq depend only on d,5,p, and e. This 
estimate also, obviously, holds if dist (y, G) > £2 since then u^'^ = 0. 
Next, 

\f:'y''\<NC'y\ut\ + cy\fn, i = i,-,d, 
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d 

\gl'''W<Ncy\ut\ + cy\gtW, 

where C = C + + \Ct\-, (^'^(t, x) = ({t — s,x — y), and here and below we 
allow the constants to depend only on d,p, 5, K, e, ei, and £2- 

We also notice that \C'yDut\ < \D{C'yut)\ + C'^\ut\- Then we find that 

1=1 

We integrate through this estimate and use formulas like (j5.12p . Then we 
obtain 

II iiLp(t) II iiIL,p(t) 



P ^ 
Kir)' 



<ME WfXir) + Mlir) + II-IILm) +^^lA-^/^(ll/°ll[,M + \\Du\ 

i=l 

Finally, we increase Aq > 0, if necessary, in such a way that NiX"^^"^ < 1/2 
for A > Ao- Then we obviously arrive at (|5.ip with A'^ = 2Ni. The lemma is 
proved. 

To the best of the author's knowledge the following multiplicative estimate 
is new even in the deterministic case. 



Corollary 5.5. Let A = 0. Then under the assumptions of Lemma \5.4\ we 

have 

d 

||i^w||Lp(r) <N{Y^ \\P\K(r) + \\9\K(r) + H/^ Hmt) H^Hmt) + II^IIl^m), 

where N depends only on d,p,K,6, e, £\, and £2- 

Indeed, take a A > and add and subtract the term (Aq + A)nt dt on the 
right in (11. ip . thus introducing A into the equation and modifying by 
including into it one of (Aq + A)u(. Then after applying (jS.ip . we see that 

d 

P'uIIl^(^) < J]] lirilLp(^) + llffllLp(r) 
i=l 

+(Ao + A)-i/2|,^0||^^^^^ ^ ^ A)V2||^||j^^(^)). 

Now it only remains to take the inf with respect to A > 0. 

Proof of Lemma 12. 1[ By bearing in mind an obvious shifting of time 
we see that in the proof of assertions (i)-(iii) we may assume that s = 0. 

(i) First of all observe that uniqueness of solution of (j2.7p is well known 
even in a much wider class than >Vp(oo). 
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Let uq G troWp, then uq G W^~'^^p for almost each u and there is a unique 
solution of the heat equation 

dvt = Avtdt 

of class Lp{{0, 1), Wp) with initial condition uq. Furthermore, 

Next take a C G C'^(K) such that Co = 1 and = for t > 1/2 and define 
^pt{x) = e~*vt{x)(t for t G [0, 1] and as zero if t > 1/2. Notice that (a.s.) 

^GLp(R+,VF;), 

and 

^V't = A^i - + e-*Ci'^^t 

Then it is a classical result that there exists a unique (/> G Lp(M+,VFp) 
which solves the equation 

#j = (A0t - + e-*C^t) dt 
with zero initial condition. In addition, 

U\\LpiR+,W^) < ^^IIC'^^IILp{R+,Lj,) < N\\uo\\^i-2/p, 

where the constants depend only on d and p. Owing to these estimates 
and uniqueness, the operators mapping uq into v and (p are continuous (and 
nonrandom). Since uq is J^o-™easurable, the same is true for ip, 0, and 
u = ip — (j), which is of class Lp((0, 1), Wp), satisfies (12. 7|) and equals uq for 
t = 0. Also for each lo 

where N depends only on d and p. By raising the extreme terms to the pth 
power and taking expectations we get the first inequality in (j2.8p and also 
finish proving the "only if part of (i). 

To prove the "if part assume that we have a u G Wp{oo) satisfying (|2.7p 
and equal uq at t = 0. Then ut = fte* satisfies dut/dt = Aut and is of class 

>V^(1). It follows that almost all uj we have u G Lp((0, 1), W^), uq G Wp~^^^, 
and 

\\uo\\^i-2/p < iV||^x||L^((o,l),M/pi) < N\HLpiR+,W^)- 

By raising all expressions to the power p and taking expectations we arrive 
at the second estimate in (12. 8j) . Assertion (i) is proved. 

The "only if part in (ii) is, actually, proved above. To prove the "if 
part write 

dvt = (DJi + /O) dt + g\ dw\ = {Avt - Xvt + DJl + ff) dt + g\ dw^ 
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where the constant A > wih be chosen later, fl = fl — DiVt, i = 1, d, 
ft — ft + '^^ti ^^'^ f^ ^9 ^ II^p(l)- Next, take the function C, as above, set 
u = vC, and observe that 

dut = {Aut - Xut + DJi + /O) dt + g'^ dw^ (5.15) 

where /° = Cf^ + vC\ ft = CfL ^ = 1> -^d, g'' = (g^ and P,g G Lp(cx)) and 
li G >Vp(oo). 

By Lemma [5 .11 for A fixed and large enough (actually, one can take A = 1, 
which is shown by using dilations), equation (I5.15P with zero initial condition 
admits a unique solution ^p G Wp (oo) and 

d 

II y II Wi,(00) + I|5||Lp(oo)) 

j=0 

d 

< NiYl II/^IILp(1) + IbllLp(l) + ll^^llwi(l))- 
j=0 

Then the difference (j) = u — tp satisfies (|2.7|) . is of class Wp(oo), and = uq. 
By assertion (i) we have uq G troWp, which proves the "if part in (ii). 
Furthermore, 

llwolltroWi < ^Il0llwi(oo) < ^^lkllwi(oo) +^IIV'llwi(oo) 

d 

< ^lbllwi(l) + ^^ll^llwi(oo) < ^iYl + lbllLj,{l) + Ibllwi(l))- 

j=0 

This proves assertion (iii). 

To prove (iv) observe that obvious dilations of the t axis allow us to 
assume that s = 1. Then write (j2.2p for t G [0, 1] and notice that tut admits 
representation (|2.2p with new and g'' having simple relations with ut and 
the original and g^ . It follows that in the rest of the proof we may assume 
that uq = 0. 

In that case take a sufficiently large A > and consider the equation 
dvt = {Avt - Xvt + Difi + /O) dt + ft dw'l 
for t > with zero initial condition, where 

fi = /t%,i)(0 - Aut 1(0,1) (t), i = 1, .■.,d, 

ff = (/o + Ant)/(o,i)(t), g^ = 9^Iio,i){t). 

By uniqueness, vt = ut for t G [0, 1] and by assertion (iii) we have vi G 
triWp. This fact combined with already known estimates of v proves asser- 
tion (iv). The lemma is proved. 
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6. Proof of Theorem 12.21 

Owing to Lemma [2. II we may assume that we are given a t> as in assertion 
(i) of the lemma. By introducing a new unknown function u = u — v we see 
that u satisfies (II. ip and uq = vq if and only if uq = and 

dut = {Ltut - Xut + Djfl + ff) dt + (Aj^nt + g'^) dw^ , 

where 

// = // - DjVt + a/DiVt + alvt, j = 1, d, 
ff = fl> + biDiVt + ict-X + l)vt, 

Qt =gt +4''DiVt + iyfvt. 

By Lemma l2.ll we have f-^,g € 1L,j,(t) and the problem of finding solutions 
of (jl.ip with initial data uq is thus reduced to the same problem but with 
zero initial data. 

Furthermore, if estimate (|2.10p holds for solutions with zero initial con- 
dition, then (for A > Aq) 

^^^^ll^^llLp(r) + ll-DullLp(r) " A^^^ || V ||Lp(r) " \\Dv\\i^^^r) 
< A^/^||u||Lp(r) + II-DmIIlpM 

d 

i=l 

d 
i=l 

+ NX-'/\\\f\\^^^,) + \\v\\wl(r))+NX'/^\\v\\^^^r), 

which yields (I2.10p in full generality. 

It follows that while proving (I2.10p we may also assume that uq = 0. 
Therefore, in the rest of the proof of assertions (i) and (ii) we assume that 
Uq = 0. Having in mind the substitution ut = vte~^^, we see that while 
proving assertion (i) it suffices to concentrate on large A and prove only the 
second part of the assertion. 

We recall that we suppose that Assumption 12 . 21 is satisfied with f3 = (3o/3 
and Pq from Lemma l5. II and Assumption 12.31 is satisfied with Pi defined in 
Lemma 15.21 It follows that assumption (iii) of Lemma 15.21 is satisfied for 
any {to,xo). 

Now we take Aq larger than the one in Lemma 13.31 and the one in Lemma 
15.41 In that case uniqueness follows from Lemma 13.31 In the proof of exis- 
tence we will rely on the method of continuity and the a priori estimate (jS.ip 
which is established in Lemma 15.41 For A > Aq and 6 G [0, 1] we consider 
the equation 

dut = [{9Lt + (1 - e)A)ut - Xut + Difl + /O) dt + (OA^ut + g^) dw^ (6.1) 
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We call a G [0, 1] "good" if the assertions of the theorem hold for 
equation (16. ip . Observe that is a "good" point by Lemma ISTTl Now to 
prove the theorem it suffices to show that there exists a 7 > such that if 
9o is a good point then all points of the interval [^0 — 7i ^0 + 7] H [0, 1] are 
"good". So fix a "good" 6*0 and for any v G Wp(r) consider the equation 

dut = [{OoLt + (1 - 9o)A)ut - Xut + {9- eo){Lt - A)vt + A// + f?) dt 
+ {Ooh'lut + {9- 0o)A'^^t + Qt) dwt (6.2) 

Observe that 

{Lt - A)vt = Dj {{a'^ - 6'^)D,vt + a{vt) + blDiVt + cvt 

and recall that v G Wp(T). It follows by assumption that equation (|6.2p has 
a unique solution u G Wp q(t) (c Wp(r)). 

In this way, for and g being fixed, we define a mapping v ^ u in 
the space Wp(T). It is important to keep in mind that the image u of 
V G W^(r) is always in W^oir). Take v',v" G W^(t) and let u',u" be their 
corresponding images. Then u := u' — u" satisfies 

dut = [i9oLt + (1 - 9o)A)ut - Xut + {9- 9o){Lt - A)vt) dt 

+{9oA'lut + {9-9o)A''vt)dw'l, 
where v = v' — v" . It follows by Lemma 15.41 that 

< N\9 - 9o\ ||v||wi(t) 

with a constant independent of v' , v" , 9o, and 9. For 9 sufficiently close to 
^Oj our mapping is a contraction and, since Wp(r) is a Banach space, it has 
a fixed point. This fixed point is in Wpo(''") and, obviously, satisfies (j6.ip . 
This proves assertion (i) of the theorem. 

Estimate (j2.10p is proved above in Lemma 15.41 and assertion (iii) follows 
from Theorem 13. 11 The theorem is proved. 
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